Multidimention sum with m-th power of min.
Problem with a solution proposed by Arkady Alt , San Jose , California, USA
For any given natural numbers m > 1,k > 2 prove that

SN S min ik} = zmj(—n'"—"("?)((m 1) = 1) stemi(n),

i11i21 ir=1

Orzz me”’{zl,zz,.. Jky = ZZ( 1)’”’( )( )ni‘jsk+,n_,-(n))

i1=1 ix=1 ip=1 i=1 j=1
where s,(n) = Zk”,p e NU {0}.
k=1
Solution.

Let 6,4(n) = 2 Z me {it iz, ...,ik}.

i1=1 iy=1 ir=1
mmm«{t] 12 ..... ik}
Since min™{iy,iz,...,ix} = > 1 and

=1
1<t< min”’{il,iz,...,ik} Rt

n mm’”«{t] 12 ..... ik}

then oc,x(n) = 2 2 > 2 1 = ID.xl,where D, is set of all

l11l21 lkl

k + 1-tiples (¢,i1,i2,...,ix) which sat|sfy to system of inequalities

1<i,<nr=12,...k 1 <t<n™
R .
l1<t<imr=12,...,k (Wt <i,<nmr=12,...k

n™ n n n

Hence, cui(n) =Y, > o) =n2(n—rw/71+1)k.

il i T[] s =l
n-1
Since {1,2,...,n"} = Jp"+ LLp+ )" rand [t 1=p+1forre {pm+ 1, (p+1)"}

n— 1(p+1)”1’)_0 n—1 (p+1)"
then omk(n)—;_;lm—rfwn —;_;10« 12 —2<(p+1> p")n=p)".

In particular, o.(n) = Z((p +1)—p)n-p)* = Z(ﬂ -p)f = Zpk’

oas(n) = S (0 + 12 = p) (= p) = S+ Din—p)* —2<2<n p)+ 1)pt =

p=0 p=0
Qn+1) 3 pk =23 pHh.
p=1 p=1
Note that

Gmi(n) = S+ 1"~ p)(n—p) = S+ 1)"(n+ 1 (p+ 1)) — X pm(n— p)F =

p=0 p=0 p=0



n n—-1
2p"(n+1—-p) =3 p"(n—p)~.

p=1 p=1

n—1
Let 8,x(n) := Y. p"(n—p)Fthen cui(n) = 8up(n+ 1) = Smp(n).
p=1

n-1 n—1 n-1

Also note that §,,.(n) = 3 p"(n—p)* = 3 (n—(n—p))"(n—=p)* = 3(n = q)"q" = Sxm(n)
p=1 p=1 g=1

and

n—1 n—1 n-1
Smir1 (1) + S (n) = 2 p"(n—p)*' + X p™(n—p)* = X p"(n—p)(n—p +p) = ndui(n).

p=1 p=1 p=1
In particular,
n—1 n—1 n—1 n—1
S1u(n) = 2 pn—p)* =2 (n—p)p* = nd pF =2 p*! = nsi(n—1) = sen(n—1)
p=1 p=1 p=1 p=1

(checking o1 x(n) = d1x(n+1)=81x(n) = (n+ 1)sp(n) — sir1(n) —nspg(n—1) + sp(n—1) =
se(n) + n(sp(n) —sp(n—1)) = (s1(n) = sir1(n— 1)) = sk(n) + n « n* — n* = s4(n))

and 62x(n) = nd1x(n) —O1p1(n) = n(nsg(n—1) —sp(n—1)) —nsiri(n—1) + spp(n—1) =
n%si(n—1) = 2nsi(n—1) + spe2(n—1).

Suppose that §,,x(n) = Z(—l)””’( m )nisk+m_i(n —1) then
=0 !
Smer ) = n8ms(n) = St (1) = (=)™ (M )1 syemein = 1) = (=1 ("M Yisgorm-i(n
=0 ! i=0 !
S () sty (= 1) = DD (7 )i swetami(n = 1) =

m+1 ) . m - |
Z(_l)mHﬂ( ZT] )nlsk+m+1—i(n - 1) + Z(_I)MH—,( ”;’l )nlsk+1+m_i(n — 1) + (_1)m+lsk+1+m(l’l _ 1)
i=1 P
m+1

_pymHl=i g A m m _1ym+l _ _
;( D™ St 1)<(i—1>+< i >>+( D)™ Sr1am(n — 1)
m+1 m+1

D" st = (ML) 4 1 s (= 1) = 2™ (D s
i=1 ! i=0 !

Or, using formal operators, we can obtain the same result much shorter:
Since 5m+1,k(n) = n5m,k(n) - 5m,k+1(l’l) and 51,1((11) = nsk(n — 1) - Sk+1(l’l - 1) then using
identical
operator I defined by I(ax) = ax and shift operator S defined by S(ax) = ax1 We obtain
S1x(n) = (n+I=8)(sx(n—1)),824(n) = (n+1—8)*(sx(n—1)). Since from supposition
Omi(n) = (nl - 8)"(sk(n—1)) follow
Omiik(n) = (0l = 8)(mi(n)) = (nl = S)(nl = §)"(sx(n - 1)) =

(nl — )™ (sx(n — 1)).Hence omi(n) = f(—l)"”( m ) ((n+ 1) skemi(n) = nisgemi(n = 1)).
i=0
Since sim-i(n — 1) = smi(n) — n¥= then

Gna(n) = D" () (0 1) Stamin) — i (stanei() — nE7-1Y) =
i=0
S () (e 1 = sy by = S () (1 0 ) s



pk+m %(—1)'"—1'( 1;1 ) — %(_1)%:'( ’;1 ) ((n +1) - ni>sk+m7,-(n) - ,ﬁ;(_l)m_i( 1;1 ) ((n F1)i-n
Thus,finally |
anatn) = B () (1) = 1Y) = S2 () (D))

i=1 j=
We now apply obtained formula to determine o33(n) :

3
o33(n) = ;(—1)3‘i( I+ 1) = 1) spami(n) = ((1+1)> = n¥)s3(n) -

3((n+1)* = n?)sa(n) +3((n+ 1) —n)ss(n) = (3n® +3n+ 1)s3(n) — 3(2n + 1)sa(n) + 3ss5(n).
n(n+1)2n+1)3n*+3n-1) i n*(n+1)’Q2n%+2n-1)
995 =

Since s4(n) = 30 (n) B

then

n*(n+1)°Gn*+3n+1)  n(n+DQ2n+1)’Gr2+3n-1)  n’(n+1)°’Q2n*+2n-1)
4 10 * 4
2—10n(n + 1)+ 1) +2n +2).

0'3,3(11) =




