
Multidimention sum with m-th power of min.

Problem with a solution proposed by Arkady Alt , San Jose , California, USA

For any given natural numbers m ≥ 1, k ≥ 2 prove that
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Solution.

Let σm,kn := ∑
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Since 1, 2, . . . , nm = ⋃
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Let δm,kn := ∑
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pmn − pk then σm,kn = δm,kn + 1 − δm,kn.
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In particular,δ1,kn = ∑
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(checking σ1,kn = δ1,kn + 1 − δ1,kn = n + 1skn − sk+1n − nskn − 1 + sk+1n − 1 =
skn + nskn − skn − 1 − sk+1n − sk+1n − 1 = skn + n ⋅ nk − nk+1 = skn)
and δ2,kn = nδ1,kn − δ1,k+1n = nnskn − 1 − sk+1n − 1 − nsk+1n − 1 + sk+2n − 1 =
n2skn − 1 − 2nsk+1n − 1 + sk+2n − 1.
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Or, using formal operators, we can obtain the same result much shorter:

Since δm+1,kn = nδm,kn − δm,k+1n and δ1,kn = nskn − 1 − sk+1n − 1 then using

identical

operator I defined by Iak = ak and shift operator S defined by Sak = ak+1 we obtainδ1,kn = n ⋅ I − Sskn − 1,δ2,kn = n ⋅ I − S2skn − 1. Since from suppositionδm,kn = nI − Smskn − 1 followδm+1,kn = nI − Sδm,kn = nI − SnI − Smskn − 1 =nI − Sm+1skn − 1.Hence σm,kn = ∑
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We now apply obtained formula to determine σ3,3n :σ3,3n = ∑
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thenσ3,3n = n2n + 123n2 + 3n + 1
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nn + 1n2 + 1n2 + 2n + 2.


